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Abstract.  The most widely known form of multifunctional aircraft structure is smart structures for structural health 
monitoring (SHM). The aim is to provide automated systems whose purposes are to identify and to characterize 
possible damage within structures by using a network of actuators and sensors. Unfortunately, environmental and 
operational variability render many of the proposed damage detection methods difficult to successfully be applied. In 
this paper, an original robust damage detection approach using output-only vibration data is proposed. It is based on 
independent component analysis and matrix perturbation analysis, where an analytical threshold is proposed to get 
rid of statistical assumptions usually performed in damage detection approach. The effectiveness of the proposed 
SHM method is demonstrated numerically using finite element simulations and experimentally through a conformal 
load-bearing antenna structure and composite plates instrumented with piezoelectric ceramic materials. 
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1. Introduction 
 
Ongoing research and development programs on advanced smart structures, particularly for 
aircraft industries, have come up with the concept of multifunctional aircraft structure (MAS). The 
principle is to take the advantage of new materials to integrate airframe structure with functional 
systems. The structure has the ability to respond to changes due to environmental conditions and to 
perform a number of tasks such as transmit/receive function, structural enhancement and repair 
(Wang and Wu 2012), conformal load-bearing antenna structure (CLAS) ( Lockyer et al. 1996) 
and structural health monitoring (SHM) (Mahzan et al. 2010). On MAS, SHM is the most form of 
smartness that is studied. It is a broad field encompassing many synergetic technologies that 
provide together automated systems whose purposes are to identify and characterize possible 
damage within structures. The SHM problem has occupied many scientific communities in the last 
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decades, and has led to a variety of efficient methods to detect, locate (Liu et al. 2012), classify 
damages and estimate the remaining useful life (Chang et al. 2007; Farrar and Lieven 2007). 
Recently, attention has been paid in damage detection for techniques that exploit the spatial 
information’s collected by the sensors of a monitored structure. These techniques are referred as 
multivariate analysis and the blind source separation (BSS) family is one of them. The idea of BSS 
is to separate the response of a number of "source signals" at a number of measurement points 
through static/convolutive or linear/nonlinear model mixture (Fig. 1), with no direct knowledge 
about the sources, but based solely on the assumption that the different sources are statistically 
independent (Comon and Jutten 2010). This problem has given rise to variety of approaches such 
as the Independent Component Analysis (ICA) (Hyvärinen et al. 2001), Second-Order Blind 
Identification (SOBI) (Belouchrani et al. 1997). 
The importance of BSS in the structural mechanical analysis has been brought up by some 
precursory works. These later have addressed the relation between the linear normal mode (LNM) 
identification and BSS techniques as SOBI (McNeill and Zimmerman 2008) and ICA methods 
(Kerschen et al. 2007). The related works have put in evidence that the modal coordinates are a 
specific case of sources that have a certain time structure. Thereby, the BSS techniques can be 
seen as non-parametric output-only modal identification. Furthermore, as damage can produce 
changes in the modal coordinates, it is then evident that the use of BSS techniques as ICA is an 
approach to be investigated for damage detection. In that sense, Zang et al. (2004) have presented 
a damage detection approach based on combining ICA and artificial neural networks (ANN), the 
authors have used a mixing matrix extracted from an ICA algorithm to train the ANN. Elseifi 
(2010) has used the sources extracted from ICA as an input of k-means clustering algorithm. 
In damage detection approaches, a damage index is associated with a decision-making 
(threshold) to ascertain with confidence the occurrence of a damage (Sohn et al. 2005). 
Unfortunately, environmental and operational variability render many of the proposed damage 
detection methods difficult to successfully be applied to aeronautical in-service structures. Indeed, 
one critical issue in SHM is to be able to differentiate the effects of variability inherent in the 
system and its environment from a potential damage. The threshold is then crucial to separate 
between the healthy and damaged states and also to minimize false-positive alarms. The outlier 
analysis (Worden et al. 2000), the extreme value statistics (Sohn et al. 2005), the T2 and Q-
statistics (Mujica et al. 2011) are some of the methodologies used by the SHM community to 
establish such a threshold. 
In this work, an original methodology of robust damage decision-making is proposed. It is 
based on: (1) ICA method to extract a sensitive feature in matrix form, (2) angle between ICA 
range subspaces to define a damage index, (3) matrix perturbation theory (MPT) to drive an 
incremental threshold. This proposed threshold unlike most other methods is not established using 
statistical approaches, but it is an analytical one. Mathematically speaking, let 𝐀 be a sensitive 
matrix, subject to a perturbation that had let it to another one noted ?̃?. Through a perturbation 
model that relates matrix ?̃? to 𝐀, MPT gives an analytical upper bound to the deviation occurred in 
matrix functions 𝐀, i.e. eigenspaces/singular subspaces, eigenvalues/singular values (Stewart and 
Sun 1990). 
The idea of addressing MPT for SHM decision-making has been recently introduced by the 
authors to define an analytical threshold associated to a principal component analysis (PCA) 
damage index (Hajrya and Mechbal 2013). In the present contribution, the PCA limits pointed up 
in their work have been overtaken by defining an ICA damage index. Unlike the PCA which 
considers only second-order statistics to obtain uncorrelated sources, ICA exploits the higher-order 
statistics embedded in the measurements to extract independent sources. 
The present work falls within the SMSE project (Smart Materials and Structures for 
Electromagnetics), (SMSE 2010), where the objective is to evaluate the concept of new materials 
that enable the realization of compact and reconfigurable antenna composite structures. This 
adaptability assumes that these structures are equipped with sensors/actuators able to perform 
SHM, as well as active control (shape control and vibration rejection) tasks (Preumont 2002). This 
requirement leads us to use the Lead Zirconate Titanate piezoelectric ceramics (noted in what 
follow PZT) as actuators and sensors. Indeed, PZTs have good broadband sensing/actuation 
properties that make them extensively used for a wide range of frequency, including ultrasonic 
applications. It is also to be noticed that the SHM proposed approach is not limited to any 
frequency range, but within the project, the dynamic response of the monitored structures is 
generated at low frequency range to avoid interference with communication systems. 
The proposed damage detection is an iterative one, and it relies on instantaneous knowledge of 
the structure. Before performing a health monitoring system, the structure is assumed to be in a 
healthy state. Typically, baseline measurements are recorded when the structure is pristine, and 
they are stored for comparison to future tested data for damage detection. When no longer damage 
is detected, the tested data become the new baseline database. The proposed approach is first 
presented through finite element (FE) simulations, where a composite plate bonded with PZTs is 
considered, and environmental variability’s (temperature and noise changes) are introduced. Then, 
the method is applied to monitor two test benches: composite plates and a CLAS, subject 
respectively to impact damage and a delamination of the antenna array. For this last structure, 
interaction between the PZTs and antenna array has also been investigated in an anechoic 
chamber. 
The layout of this paper is as follows: a description of the technique used to extract the feature 
using ICA is provided in section 2. In Section 3, the damage index is established. In Section 4, 
MPT is addressed to drive the SHM decision-making. The damage detection methodology is 
applied on a finite element model of an active composite plate, and it is presented in section 5. 
Section 6 explores the proposed approach on the two test benches. A discussion regarding the 
proposed damage detection methodology is presented in section 7. Concluding remarks and future 
perspectives are drawn in Section 8. 
 
 
 
Fig. 1 BSS applied to damage structural monitoring 
2. ICA for damage feature extraction  
 
2.1 Brief overview of ICA theory  
 
The BSS model considered in this paper is a linear simultaneous mixture formulated as (Comon 
and Jutten 2010): 
𝒚(𝑘) = 𝐓𝒔(𝑘) + 𝝐(𝑘) (1) 
where 𝒚(𝑘) = [𝑦1(𝑘) … 𝑦𝑛𝑦(𝑘)]
𝑇 is a zero mean measurement vector from 𝑛𝑦 sensors at time 
index 𝑘, 𝐓 is the mixing matrix, 𝒔(𝑘) = [𝑠1(𝑘) … 𝑠𝑛𝑦(𝑘)]
𝑇 is the sources vector and 𝝐(𝑘) =
[𝜖1(𝑘) … 𝜖𝑛𝑦(𝑘)]
𝑇 represents all the uncertainties and disturbances effects. 
In the present study, the unnoisy model is conducted. Uncertainties and perturbation's effects 
will be incorporated through the proposed threshold: 
𝒚(𝑘) = 𝐓𝒔(𝑘) (2) 
BSS is an estimation problem, that is accomplished by finding only from the observed data 
𝒚(𝑘) an estimated sources vector and a separating matrix noted respectively 𝒓(𝑘) ∈ ℝ𝑛𝑦×1 and 
𝐖 ∈ ℝ𝑛𝑦×𝑛𝑦: 
𝒓(𝑘) = 𝐖𝒚(𝑘) (3) 
In this paper, the sources are assumed to be temporally identically and independently 
distributed and non-Gaussian, which leads to the ICA method. 
One way to solve the separation problem using ICA is to use the mutual information. Indeed, it 
is a measure of independence between variables of a random vector. It is always non-negative and 
zero, if and only if, the variables are statistically independent (Cover and Thomas 2006). Using the 
concept of negentropy introduced by Donoho (1981), the mutual information (noted 𝐼(𝒓)) between 
the components 𝑟𝑖 of a random vector 𝒓 is given by: 
𝐼(𝒓) = 𝐼(𝒓𝑔) + 𝐽(𝒓) − ∑ 𝐽(𝑟𝑖)
𝑛𝑦
𝑖=1
 (4) 
where 𝐼(𝒓𝑔), 𝐽(𝒓), 𝐽(𝑟i), 𝐻(𝒓) and 𝐻(𝑟𝑖) represent respectively the mutual information of a 
Gaussian random vector, the joint negentropy, the marginal negentropy, the joint differential 
entropy and the marginal differential entropy. These quantities are defined by the following 
relations (Cover and Thomas 2006): 
𝐼(𝒓𝑔) =
1
2
𝑙𝑛
∏ 𝜎𝑟𝑔𝑖
2𝑛𝑦
𝑖=1
𝑑𝑒𝑡(𝚺𝒓𝑔)
 (5) 
𝐽(𝒓) = 𝐻(𝒓𝒈) − 𝐻(𝒓), 𝐽(𝑟𝑖) = 𝐻(𝑟𝑔𝑖) − 𝐻(𝑟𝑖) (6) 
𝐻(𝒓) = − ∫ 𝑝𝒓(𝝃)
ℝ𝑛𝑦
𝑙𝑛 𝑝𝒓(𝝃)𝑑𝝃, 
 𝐻(𝒓𝑔) =  
1
2
𝑙𝑛{(2𝜋𝑒)𝑛𝑦𝑑𝑒𝑡(𝚺𝒓𝑔)} 
(7) 
𝐻(𝑟𝑖) = − ∫ 𝑝𝑟𝑖(𝜉𝑖)
ℝ
𝑙𝑛 𝑝𝑟𝑖(𝜉𝑖)𝑑𝜉𝑖 , 
 𝐻(𝑟𝑔𝑖) =  
1
2
𝑙𝑛{2𝜋𝑒𝜎𝑟𝑔𝑖
2 } 
(8) 
𝑝𝒓,  𝑝𝑟𝑖   are respectively the joint and marginal probability density functions, 𝚺𝒓𝑔 and 𝜎𝑟𝑔𝑖
2  are 
respectively the covariance matrix of the Gaussian random vector 𝒓𝑔 and the variance of its 
components 𝑟𝑔𝑖. 
The BSS problem comes down to estimate a source's vector 𝒓 = [𝑟1 ⋯ 𝑟𝑛𝑦]
𝑇 which follow a 
non-Gaussian distribution and whose components are statistically independent. The first step is the 
pre-whitening, which is the process of removing the correlation between the components of a data 
vector. It is accomplished by applying a linear transformation to the measured data vector 𝒚 to 
produce a vector whose elements are mutually uncorrelated, and all have unit variance (in this case 
𝐼(𝒓𝑔) = 0). Then, the separating matrix 𝐖 is obtained by minimizing 𝐼(𝒓): 
min
𝐖
𝐼(𝒓) = min
𝐖
{𝐽(𝒓) − ∑ 𝐽(𝑟𝑖)
𝑛𝑦
𝑖=1
} (9) 
Based on approximate form of the negentropy quantities 𝐽(𝒓) and 𝐽(𝑟𝑖), Gävert et al. (2005) 
have developed an efficient fixed-point toolbox for ICA (named FastICA). This algorithm 
calculates the separating matrix noted in what follow 𝐖ICA, and allows then identification of the 
independent component vector (sources vector). 
 
2.2 Vibration analysis using ICA 
 
The dynamic response of a linear mechanical system with 𝑛𝐷𝑂𝐹 degrees of freedom is 
described by the flowing equation: 
𝐌?̈?(𝑡) + 𝐂?̇?(𝑡) +  𝐊𝒙(𝑡) = 𝒇(𝑡) (10) 
where 𝐌, 𝐂 and 𝐊 ∈ ℝ𝑛𝐷𝑂𝐹×𝑛𝐷𝑂𝐹 are respectively the mass, damping and stiffness matrices, 
𝒙(𝑡) ∈ ℝ𝑛𝐷𝑂𝐹×1 and 𝒇(𝑡) ∈ ℝ𝑛𝐷𝑂𝐹×1   are the time varying displacement response and the applied 
force. 
The free vibration response (𝒇 = 𝟎) of a lightly damped structure can be described through the 
modal expansion form: 
𝒙(𝑡) = ∑ 𝜳𝑖
𝑛𝐷𝑂𝐹
𝑖=1
𝑎𝑖𝑒𝑥𝑝(𝜉𝑖) 𝑐𝑜𝑠(𝜔𝑖𝑡 + 𝜑𝑖) (11) 
𝜉𝑖, 𝜔𝑖, 𝜑𝑖 represent respectively the damping ratio, natural frequency and phase angle of the 
mode shape 𝜳𝑖, 𝑎𝑖 is a constant. 
In discrete-time and matrix form, Eq. (11) is rewritten as: 
𝒙(𝑘) = 𝚿𝒒(𝑘) (12) 
where 𝑘 is discrete-time index, 𝚿 ∈ ℝ𝑛𝐷𝑂𝐹×𝑛𝐷𝑂𝐹 is the mode shape matrix, 𝒒(𝑘) ∈ ℝ𝑛𝐷𝑂𝐹×1 is a 
vector containing the modal coordinates. 
From the previous relation, the correspondence between the modal expansion (Eq. (11)) and the 
static mixture BSS model (Eq. (2)) is straightforward: the modal coordinates act as virtual sources, 
and the mixing matrix reflects the mode shape matrix (Zhou and Chelidze 2007). BSS techniques 
can be seen as a non-parametric output-only modal identification method. Furthermore, as 
damages produce changes on the modal coordinates and the mode shape matrix; the virtual 
sources, the mixing and the separating matrices are also affected. Thereby, ICA can be used as a 
basis to build damage indices. In the sequel, a specific damage index based on monitoring the 
range subspaces of the separating matrix is proposed. 
 
 
3. Damage index 
 
Let 𝐖ICA
ℎ , 𝐖ICA
𝑢 ∈ ℝ𝑛𝑦×𝑛𝑦 be the separating matrices, obtained respectively from data sensors 
of the structure in healthy and unknown state. For ease of reading, we abridge the notations: 
𝐀 = 𝐖ICA
ℎ ,  ?̅? = 𝐖ICA
𝑢  (13) 
Now, using the singular value decomposition, the matrix 𝐀 is rewritten as follows: 
𝐀 = 𝐔𝚪𝐕 = [𝐔𝟏 𝐔𝟐] [
𝚪𝟏 𝟎
𝟎 𝚪𝟐
] [𝐕𝟏 𝐕𝟐]
𝐓 = 𝐀𝟏 + 𝐀𝟐 (14) 
where: 
𝐔1 = [𝒖11 ⋯ 𝒖1𝑛𝑟] ∈ ℝ
𝑛𝑦×𝑛𝑟 , 𝚪1 = 𝑑𝑖𝑎𝑔(𝜎1 ⋯ 𝜎𝑛𝑟), 𝐕1 = [𝒗11 ⋯ 𝒗1𝑛𝑟] ∈ ℝ
𝑛𝑦×𝑛𝑟 are 
respectively the matrix of left singular vectors, the matrix of singular values, the matrix of right 
singular vectors, associated to the principal subspaces (left and right) of the matrix 𝐀. These 
matrices are related to the main singular values, for example, concentrating more than 98% of the 
system total energy. 
𝐔2 = [𝒖2(𝑛𝑟+1) ⋯ 𝒖2𝑛𝑦] ∈ ℝ
𝑛𝑦×(𝑛𝑦−𝑛𝑟),   𝚪2 = 𝑑𝑖𝑎𝑔(𝜎𝑛𝑟+1 ⋯ 𝜎𝑛𝑦) , and 
𝐕2 = [𝒗2(𝑛𝑟+1) ⋯ 𝒗2𝑛𝑦]  ∈ ℝ
𝑛𝑦×(𝑛𝑦−𝑛𝑟) are respectively the matrix of left singular vectors, the 
matrix of singular values, and the matrix of right singular vectors, associated to the residual 
subspaces of matrix 𝐀. 
In the same way, the matrix ?̅? is defined as: 
?̅? = 𝐔𝚪𝐕 = [𝐔1 𝐔2] [
𝚪1 𝟎
𝟎 𝚪2
] [𝐕1 𝐕𝟐]
𝑇 = ?̅?1 + ?̅?2 (15) 
As it was highlighted previously, the presence of damage causes a change in the mode shape 
matrix, and consequently a change in the separating matrix. Accordingly, the left and right 
principal subspaces of ?̅? are deflected to those of 𝐀 (Fig. 2). The proposed damage index (DI) is 
based on the calculus of the angle between the range subspaces of the matrix 𝐀1 and those of ?̅?1. 
Let: 
𝑅{?̅?1}, 𝑅 {?̅?1
𝑇
} be the ranges associated respectively to the left and right principal subspaces of 
matrix ?̅?, 
𝑅{𝐀1}, 𝑅{𝐀1
𝑇} be the ranges associated respectively to the left and right principal subspaces of 
matrix ?̅?,  
𝐏𝑅{?̅?1}, 𝐏𝑅{?̅?1
𝑇
}
, 𝐏𝑅{𝐀1} and 𝐏𝑅{𝐀1𝑇} be the orthogonal projection on theses ranges, defined as: 
𝐏𝑅{?̅?1} = 𝐔1𝐔1
𝑇
, 𝐏
𝑅{?̅?1
𝑇
}
= 𝐕1𝐕1
𝑇
 (16) 
𝐏𝑅{𝐀1} = 𝐔1𝐔1
𝑇, 𝐏𝑅{𝐀1𝑇} = 𝐕1𝐕1
𝑇 (17) 
 
By introducing the following quantities: 
‖sin 𝜽[𝑅{?̅?1}, 𝑅{𝐀1}]‖UI: the sinus angle between the range 𝑅{𝐀1} and 𝑅{𝐀1}, 
‖sin 𝝋[𝑅 {?̅?1
𝑇
} , 𝑅{𝐀1
𝑇}]‖UI: the sinus angle between the range 𝑅 {?̅?1
𝑇
} and 𝑅{𝐀1
𝑇}. 
where ‖. ‖UI denotes a general unitarily invariant norm, and the Euclidean norm ‖. ‖2 is used for 
the calculus. 
The sinus angle norm of the aforementioned ranges is defined as (Golub and Van Loan 1983): 
DIICA
1 = ‖sin 𝜽[𝑅{?̅?1}, 𝑅{𝐀1}]‖ = ‖(𝐈𝑛𝑦 − 𝐏𝑅{𝐀1})𝐏𝑅{?̅?𝟏}‖ (18) 
DIICA
2 = ‖sin 𝝋[𝑅 {𝐀1
𝑇
} , 𝑅{𝐀1
𝑇}]‖2 = ‖(𝐈𝑛𝑦 − 𝐏𝑅{𝐀1𝑇}
)𝐏
𝑅{𝐀1
𝑇
}
‖ (19) 
From these relations and considering the SHM problem of smart structures, a damage index is 
stated by the following proposition: 
Proposal 1: Damage index 
Consider a smart structure with 𝑛𝑦 sensors, damage could be detected by monitoring the 
following damage index: 
DIICA =
√DIICA
1 DIICA
2
𝑛𝑟
 
(20) 
where 𝑛𝑟 is the number of principal components retained, and DIICA
1 , DIICA
2  are defined in Eqs. 
(18) and (19). 
Damage index based on the angle between subspaces was first proposed by De Boe and 
Golinval (2003). In their work, the authors have applied the QR decomposition (𝐘 = 𝐐𝐑) to the 
measurement matrix of the healthy and unknown states to get the  cosines of the principal angles. 
The physical interpretation that underlies the proposed damage index is the fact that its definition 
is based on the ICA method, which is a procedure that allows to extract a basis for a modal 
decomposition (Zhou and Chelidze 2007). As modes are known to be sensitive to structural 
changes, it follows that the subspaces spanned by the ICA feature are deflected to those obtained 
from the healthy state. Furthermore, in the proposed damage index, we are monitoring the left and 
right subspaces of the separating matrix, i.e., 𝑅{𝐀1} and 𝑅{𝐀1
𝑇}, in the case where one of them is 
more sensitive to the presence of a damage. 
 
 
4. Analytical threshold  
 
Now that the damage index is defined, a threshold has to be established. Indeed, as stated 
previously, a critical issue in SHM is to be able to differentiate the disturbance effects that a 
healthy monitored structure undergoes from damage. Furthermore, environmental disturbances 
such as measurement noises, temperature variations could lead to false-positive alarms or missing 
detection. To overcome this drawback, probabilistic decision making approaches are in general 
used, which suppose a set of probabilistic models and assumptions. However, these models need 
in general large database to correctly approximate them. 
In this work, since the proposed damage index deals mainly with matrix decomposition and 
subspace projections, we propose to bind analytically the deviation that appears in the subspaces 
of the separating matrix, when the structure undergoes a low level environmental variability. 
Thereby, MPT is addressed to define an analytical threshold and to get rid of statistical 
assumptions. 
MPT considers how matrix functions such as subspaces change when the matrix is subject to 
perturbations (Stewart and Sun 1990): 
?̃? = 𝐀 + δ𝐀 (21) 
where the matrix 𝛿𝐀 describes the variation that matrix 𝐀 is subjected due to disturbances. Then, 
the objective is to define a robust average that estimates how much the damage index DIICA (Eq. 
(20)) is affected. 
To drive the proposed analytical bound, the early work of Wedin (1972) on perturbed matrices 
was opted. The idea is to estimate ‖δ𝐀‖ by performing several tests or simulations on the healthy 
structure and by evaluating the gap between specific singular values in order to define an upper 
bound for the damage index. 
 
Proposal 2: Analytical threshold and detection rate 
Assume that ∃  𝜂 ≥ 0, 𝑎𝑛𝑑 𝛿 > 0, an upper threshold noted 𝛽ICA of the damage index is 
defined as: 
𝛽ICA =
√(𝜀 + 𝜂DĨICA
2 )(𝜀 + 𝜂DĨICA
1 )
(𝜂 + 𝛿)𝑛𝑟
 
(22) 
where DĨICA
1  and DĨICA
2  are defined in the same way as in Eqs. (18)-(19) by replacing ?̅?1 by ?̃?1, 
𝜀 quantifies the magnitude of the environmental disturbances and it is defined in Eq.(31), 𝑛𝑟 is the 
number of principal components retained, and the two scalars 𝜂 and 𝛿 are defined as:  
𝜂 ≥ 𝜎max(𝐀2) (23) 
𝜂 + 𝛿 ≤ 𝜎min(?̃?1) (24) 
 
The DI defined in Eq. (20) and its associated threshold of Eq. (22) define the following 
detection rate: 
RICA =
DIICA
𝛽ICA
 (25) 
if RICA > 1 then the structure is damaged, otherwise it is healthy.   
 
Derivation: 
The proposed analytical threshold is derived following three major steps: 
First step: 
Consider the variation 𝛿𝐀 that the separating matrix 𝐀 is subjected due to the environmental 
disturbances. To describe this variation, a second test/simulation is performed on the healthy state 
of the structure, ICA algorithm is then applied to determine the new separating matrix noted ?̃?. 
This matrix is rewritten as:  
?̃? = ?̃??̃??̃? = [?̃?1 ?̃?2] [
?̃?1 𝟎
𝟎 ?̃?2
] [?̃?1 ?̃?2]
𝑇 = ?̃?1 + ?̃?2 (26) 
Define the following residual matrices: 
𝐑11 = 𝐀?̃?1 − ?̃?1?̃?1 = −δ𝐀?̃?1 (27) 
     𝐑21 = (𝐀)
𝑇?̃?1 − ?̃?1(?̃?1)
𝑇 = −(δ𝐀)𝑇?̃?1 (28) 
and evaluate their norms, i.e.: 
‖𝐑11‖ = ‖δ𝐀?̃?1
ℎ‖ (29) 
      ‖𝐑21‖ = ‖(δ𝐀)
𝑇?̃?1
ℎ‖ (30) 
The scalar 𝜀 is then obtained by: 
  𝜀 = max(‖𝐑11‖, ‖𝐑21‖) (31) 
Second step:  
Assume now, that there exist two scalars: 𝜂 ≥ 0 𝑎𝑛𝑑 𝛿 > 0, such that the relations defined in 
Eqs. (23)-(24) hold, then using the results demonstrated in (Wedin 1972), the following relations 
are derived: 
DĨICA
1 = ‖sin 𝜽[𝑅{?̃?1}, 𝑅{𝐀1}]‖2 ≤
𝜀 + 𝜂DĨICA
2
𝜂 + 𝛿
 (32) 
DĨICA
2 = ‖sin 𝝋[𝑅{?̃?1
𝑇}, 𝑅{𝐀1
𝑇}]‖2 ≤
𝜀 + 𝜂DĨICA
1
𝜂 + 𝛿
 (33) 
Third step: 
The damage index defined in Eq. (20) is calculated from the separating matrix of the healthy 
and unknown states 𝐀, 𝐀, while the term DĨICA is calculated from the separating matrices 𝐀, ?̃? of 
the healthy state under disturbances. Consequently, the term DĨICA satisfies: 
DĨICA ≤
√(𝜀 + 𝜂DĨICA
2 )(𝜀 + 𝜂DĨICA
1 )
(𝜂 + 𝛿)𝑛𝑟
 
(34) 
The general framework of the proposed damage monitoring procedure is outlined in Fig. 3. It is 
to be noticed that the proposed approach is an unsupervised learning method, which implies that 
the data from a damaged state are not used to build this threshold. Moreover, it is an incremental 
and iterative procedure. In practice, the design procedure depicted in Fig. 3 is first performed, and 
then if there is no longer detected damage, the unknown state becomes the baseline, and the design 
is repeated. The incremental procedure, summarized in Fig. 4 permits to ensure that the healthy 
baseline structure is always updated. 
 
 
Fig. 2 Angle between subspaces 
 
 
Fig. 3 Framework of the proposed damage detection using ICA and the analytical threshold 
 
Step 1: Tests of the structure at the healthy state  
1.1 Make a first test of the healthy state, 
1.2 Build the measurement matrix 𝐘0
ℎ , 
1.3 Make 𝑛 other tests of the healthy state, with enough time lags between them, 
1.4 Build the 𝑛 measurement matrices 𝐘𝑖
ℎ , 𝑖 = 1. . . 𝑛, 
Step 2: Test of the structure at an unknown state  
2.1 Make one test of the unknown state, 
2.2 Build the measurement matrix 𝐘𝑢 , 
Step 3: Calculation of the analytical threshold 𝜇𝛽 ,𝐼𝐶𝐴  
3.1 From the measurement matrices 𝐘0
𝑠, apply the FastICA Matlab Package to calculate the 
separating matrix 𝐀, 
3.2 Apply the SVD to matrix 𝐀,  following Eq. (14), 
3.3 for i=1 to 𝑛, repeat the following steps:  
3.3.1 From the measurement matrix 𝐘𝑖
ℎ , apply the FastICA to calculate the separating 
matrix ?̃?𝑖  
3.3.2 Apply the SVD to matrix ?̃?𝑖,  following Eq. (14) 
3.3.3. Calculate the variation δ?̃?𝑖:  
δ?̃?𝑖 = ?̃?𝑖 − 𝐀 
3.3.4. Calculate the analytical threshold 𝛽𝐼𝐶𝐴,𝑖 , following Eq. (22), 
3.4 Calculate the mean of the analytical threshold: 
𝜇𝛽 ,𝐼𝐶𝐴 =
1
𝑛
∑ 𝛽𝐼𝐶𝐴,𝑖
𝑛
𝑖=1
 
Step 4: Calculation of the damage index DIICA  
4.1. Take back to step 3.2, 
4.2. From the measurement matrix 𝐘𝑢 , apply the FastICA to calculate the separating matrix 𝐀, 
4.4. Apply the SVD to matrix 𝐀 following Eq.(15), 
4.5. Calculate the damage index 𝐷𝐼𝐼𝐶𝐴 following Eq. (20). 
Step 5: Decision-making 
Check if 𝑅𝐼𝐶𝐴 =
𝐷𝐼𝐼𝐶𝐴
𝜇𝛽 ,𝐼𝐶𝐴
> 1. If it is the case, then the structure is damaged, otherwise it is healthy 
 
 
Fig. 4 Flowchart of the incremental baseline 
 
 
 
5. Simulation results on a composite plate 
 
5.1 Composite plate specimen 
 
The test specimen is of a fuselage piece. It is a composite plate of dimension 400 × 300 ×
2 𝑚𝑚3, and made up of 16 layers carbon epoxy material. The layer sequences are: [02
° / 452
° /
 −452
° /  902
° / 902
° / −452
° / 452
° / 02
° ].The mechanical properties of the composite material are 
illustrated in Table 1. Table 2 depicts the mechanical and electrical properties of the PZT, type 
PZ29 (Ferroperm 2009). Using the controllability and observability Gramians, an optimal 
placement of the PZTs with dimension of 30 × 20 × 0.2 mm3 was proposed by the authors 
(Hajrya et al. 2010) (see Fig. 5(a)). 
 
Table 2 Mechanical properties of the composite material 
Property 
𝐸1 (GPa) 𝐸2 = 𝐸3 
(GPa) 
𝐺12 = 𝐺13 
(GPa) 
𝐺23 (GPa) 𝜈12 =  𝜈13 𝜈23 𝜌 (𝐾𝑔/𝑚
3) 
Value 127.7 7.217 5.712 2.614 0.318 0.38 1546 
 
Table 3 Mechanical and electrical properties of the piezoelectric patches PZ29 (Ferroperm 2009) 
Property E (GPa) ν 𝜌 (𝐾𝑔/𝑚3) d31(C/N) d33 (C/N) Curie temperature C° 
Value 58.8 0.3 7460 −2.43 × 10
−10 5.74 × 10−10 235 
 
5.2 FE modeling of the active composite plate 
 
In order to outline the environment effects and to test the validity of the proposed damage 
detection algorithm, a detailed FE model of the active plate has been developed using the 
Structural Dynamics Toolbox (SDTools). The developed model is devoted to simulate vibratory 
data. 
SDTools is a FE toolbox developed in Matlab environment. It has a specific parameterized FE 
model of PZT elements with electromechanical coupling, that allows to perform predictive 
behavior of the active structure (Balmes and Deraemaeker 2013). For wave propagation, 
computation of periodic solutions using Fourier/Floquet solutions is proposed in the toolbox. 
Moreover, following the approach used by Valliappan et al. (1990), a parametrical damage is 
introduced. The damage is represented by a reduction of material properties in a chosen area (see 
Fig. 5(a)). To introduce this damage, we used a strategy inspired by the one employed in SDTools 
for PZT modeling. Indeed, a parameterized damaged patch is generated with a specific mesh, 
where its dimension and mechanical properties could then be changed and adjusted (Fig. 5(b)). 
The introduction of this patch before changing its properties does not change the modal properties 
of the structure in the frequency range of interest (Fig. 5(c)). 
The FE model is under free-free boundary and consists of 195 elements; each element has 
dimension of 15 × 10 mm2. This mesh size is compatible with the frequency range of interest 
([0 10 kHz]). The model was calculated with 𝑛𝑚 = 50 first modes with proportional damping, 
satisfying Caughey’s criteria (Adhikari 2006). 
In both of simulations and experiments of the composite plate, the signal excitation used is a 
Schroeder signal, with frequency range of [0  2 kHz]. This signal has a flat power spectral density 
over its frequency range (Fig. 6). The choice of this frequency range was imposed by the real time 
acquisition system used in the experiments described in the next section. The simulated actuation 
was applied through PZT 7, while the other PZTs are used as sensors. The characteristic of the 
simulated data are: sampling frequency 𝑓𝑠 = 8 kHz, and 𝑁 = 2
14 time samples.  
 
5.3 Baseline using noise and temperature changes 
 
To calculate the novelty analytical threshold, 50 simulations were conducted by considering the 
healthy plate model under different values of noise and temperature. An inspection of the nature of 
the experimental noise was first exanimated in the test bench described in section 6. For this 
purpose, tests on the experimental healthy and damaged composite plates were conducted by 
recording signal sensors in the case where no excitation is acting on the structure. The idea here is 
to use the same noise that the one acting on the structure. Using the marginal negentropy defined 
in Eq. (6), the non-Gaussianity of the measured noises was quantified. The results are illustrated in 
Tables 3-4, and show that the negentropy of the measured noises are different from zero. These 
results conclude the fact that the experimental noise is non-Gaussian. Therefore, in the sequel, a 
non-Gaussian noise will be added to all the finite element simulations to mimic a type of 
disturbance. 
With the inherent anisotropy of composite materials, any attempt to simulate the effect of 
environmental disturbance like temperature requires relevant experimental data from the structure 
in an enclosed heated space. These data will feed the FE model to yield reasonably accurate 
prediction. However, it is expected that the first-order thermal effects in an instrumented 
composite structure will be associated with the difference between the evolution of constitutive 
behaviour of the composite matrix, its fibers and the PZT. As a rough approximation, one can 
consider varying moduli for the composite plate with fixed mechanical properties for the PZT. 
Following this modeling manner, the moduli (E1, E2, G12, G23) were varied by a percentage of 
𝜃 ∈ [0.04 1.44]%, with a step of 0.0071% and for each of these simulations, different variance 
of random non-Gaussian noise were added (from 1% to 25.5%). Once the baseline built, step 3 of 
the framework presented in Fig.3 was applied, and the novelty analytical threshold was calculated: 
𝜇𝛽,𝐼𝐶𝐴 = 0.0673. 
 
5.4 Simulation results of damage scenarios and test of false-positive alarms 
 
In order to test the performances of the proposed method, 54 simulations with different 
damaged elements and environmental disturbances were conducted. The first 4 simulations 
(no°51-no°54) concern a reduced stiffness of 4% for damages 𝐷1, . . 𝐷5 (see Fig. 5(a)), and with 
different temperature change and non-Gaussian noise. The other simulations (no°55-no°104) were 
performed to test the damage detection methodology regarding false-positive alarms. These 
simulations were performed by varying the moduli (E1, E2, G12, G23) by a percentage 𝜃 ∈
[0.08 1.48]%, with a step of 0.0071% . It is to be noted that the aforementioned simulations do 
not belong to those used to build the baseline test. Fig. 7 depicts some of the results associated to 
these simulations. On one hand, the damaged states are well detected and separated from the 
analytical threshold. On the other hand, no false-positive alarms were noted: the analytical 
threshold is robust to the simulated new perturbations. 
 
Table 4 Negentropy of the measured noise for different sensors: healthy composite plate 
Sensor 1 2 3 4 5 8 9 10 
Negentropy 1.7845 1.7849 1.7977 1.8632 2.1086 1.8464 2.0650 2.7648 
 
Table 4 Negentropy of the measured noise for different sensors: damaged composite plate 
Sensor 1 2 3 4 5 8 9 10 
Negentropy  1.7835 1.7847 1.7883 1.8044 3.1618 1.7476  1.7904 1.7908 
 
 
Fig. 5: (a) Finite element model of the composite plate bounded with PZT, 
(b) a zoom on the PZT element, (c) a simulated mode of the composite plate 
6. Experimental applications  
 
6.1 Active composite plates 
 
Following the optimal placement results (Hajrya et al. 2010), PZTs were glued on two 
composite plates: a healthy (Fig. 8 (a)) and a damaged one (Fig. 8 (b)). The two plates have the 
same characteristics and dimensions: 400 × 300 × 2 𝑚𝑚3, except that in one of them, damage 
was introduced. This later has undergone an impact damage (diameter of 5 mm) produced by a 
calibrated impact device. In order to test the proposed approach regarding false-positive alarms, 
two additive masses were used for boundary condition changes: see Fig. 8 (c). These masses 
represent 0.5% and 0.2% of the total composite plate weight. 
The input excitation and the data acquisition were performed using a voltage amplifier (TREK 
Model 601C) and charge amplifiers (type 5011B). The actuation and sensor records were done 
following the same procedure as in the simulation: actuation using the Schroeder signal, frequency 
range of [0  2 kHz] (Fig. 6), sampling frequency 𝑓𝑠 = 8 kHz, and 𝑁 = 2
14 time samples. To 
calculate the analytical threshold, 𝑛 = 40 tests with enough time lags between them were 
conducted on the healthy plate. 
The vibratory data acquired from the sensors of the composite plates (see Figs. 9-10) were 
transformed into features through the ICA method. From many tests of the healthy and damaged 
plates, the damage index and the analytical threshold defined respectively in Eqs. (20) and (22) 
were calculated. Fig. 11 depicts the obtained results; one can see that the impact damaged tests are 
well detected and separated from the healthy sate. Concerning the two additive masses used for 
boundary conditions changes, the proposed approach is robust regarding them. 
 
6.2. Conformal load-bearing antenna structure (CLAS) 
 
The second test bench realized concerns a CLAS. The dimension of the host structure is 
800 × 150 × 2 mm3, and it is made up from the same material and number of layers as the 
composite plates. In addition to the PZTs, an antenna network is bonded on it. Figs. 12(a)-(b) show 
respectively the antenna network of the CLAS and the seven PZT bonded on it. 
Before applying the proposed damage detection methodology, a radiation pattern and a 
measure of bending and torsion strains using the PZT sensors were conducted with the partners of 
our project (SMSE 2010). These tests were done simultaneously in an anechoic chamber, and they 
were conducted in order to check if there is any coupling between the electromagnetic phenomena 
of the antenna network and the electrical information transmitted by the PZT sensors. First of all, a 
strain measurement of bending and torsion were conducted before and during the radiation pattern 
(Fig. 13). Then, a radiation pattern was done before and during the strain measurements (Fig. 14). 
The results obtained show that the two phenomena can coexist in the same time without any 
interaction. 
Once this study performed, the damage detection procedure was applied. The healthy baseline 
state was first built. The input excitation consists in a signal pulse with 1ms width, sampling 
frequency 𝑓𝑠 = 100 kHz and 𝑁 = 2
16 time samples were recorded. Once the healthy baseline was 
set, damage was introduced. In this case, a delamination between the antenna part and the host 
structure was provoked using a buckling device (see Fig. 15(a)-(b)). It is to be noted that the 
baseline was built through 14 tests with enough time lag between them. Fig. 16 depicts the damage 
detection results of the CLAS: one can see that the delamination of the antenna array is well 
detected and distinguished from the healthy tests done. 
 
 
 
Fig. 6 Time and frequency characteristics of the input excitation: Signal used for FE simulations and 
composite plates experiments  
 
 
Fig. 7 Results of simulated damage scenario 
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Fig. 8 Composite plates bounded with PZTs 
 
 
Fig. 9 Dynamic response acquired from some sensors of the healthy plate  
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Fig. 10 Dynamic response acquired from some sensors of the damaged plate 
 
 
Fig. 11 Results of the damage detection of the composite plates 
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(a) Antenna network of the CLAS (b) CLAS bounded with PZTs 
Fig. 12 Conformal load-bearing antenna 
structure  
 
 
 
Fig. 13 Response of PZT sensor due to a torsional strain 
 
0 2 4 6 8 10 12 14 16 18 20
-8
-7
-6
-5
-4
-3
-2
-1
0
Torsion angle [°]
M
a
g
n
it
u
d
e
 [
V
]
 
 
Before the radiation pattern
During the radiation pattern
 Fig. 14 Radiation pattern measurements (SMSE 2010) 
 
 
 
 
(a) Buckling device (b) Delamination of the antenna array 
Fig. 15 Damaged CLAS  
 
 
Fig. 16 Results of the damage detection of the CLAS 
 
 
7. Discussion 
 
In baseline subtraction SHM methods, one has to deal with two major issues: (a) building and 
managing online healthy baseline data that includes the effects of varying environmental and 
operational conditions, (b) finding a good tradeoff between detectability (the smallest detectable 
damage) and the rate of false alarm. In the present work, an attempt to address these two issues has 
been proposed. Indeed, an iterative approach relying on instantaneous baseline measurement is 
proposed to avoid the use of a presorted database for the healthy state. Then the robustness of the 
detection is enhanced by elaborating a decisions-making based on an analytical threshold, that: (i) 
includes the effects of environmental perturbations, (ii) does not require any probabilistic models. 
Typically, the baseline measurements are recorded when the structure is pristine, they are stored 
for comparison to future tested data for damage detection purpose following the framework 
depicted in Fig. 3. When no longer damage is detected, the tested data are used as the new 
baseline.  
One concern with the use of this baseline subtraction method is the fact that the data from a 
missed damage can be incorporated in the new baseline. This could happen if the damage is small 
and not severe. The severity and the size of the detected damage depend on the frequency range 
that we use (higher is the frequency; smallest is the damage to be detected). However, as explained 
in the introduction, low frequency measurements were our interest. 
The proposed damage detection is related to the signal sensors acquired. These signals can be 
either vibratory or ultrasound data (such as Lamb wave), where their choice is related to the size of 
damage that we look to detect. In real-world application, the relevant smallest size of damage as 
the Barely Visible Impact Damage is based on expert point of view of the concerned application. 
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Once this smallest size defined, the use of vibratory or ultrasonic data is defined by chosen a well-
defined size of sensors/actuators and electronic equipment’s. Then, the proposed incremental 
baseline can be applied. 
 
 
8. Conclusions  
 
In this paper, the problem of output-only vibration based damage detection under changing 
environmental conditions on MAS structures was studied. Through the independent component 
analysis method, feature matrices were extracted from the data to characterize the behavior of the 
studied structures and their models, and a damage index (DI) based on angle between subspaces 
was proposed. 
The originality of the present work was: on one hand to develop a new criterion for the 
decision- making. The key idea behind was to bind analytically using matrix perturbation theory 
the disturbances that a healthy monitored structure undergoes, without any probabilistic models. 
Either in FE simulations and experiments, the proposed approach has shown its robustness 
regarding damage detection and boundary condition changes. On the other hand, this work has 
shown the possibility of incorporating different capabilities (transmission/receive function and 
health monitoring) on a MAS structure. 
In the work under progress, experiments on changes in other boundary conditions are underway 
to consolidate the robustness of the proposed method regarding false-positive alarms. 
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